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We extend aresult of Knaster and Woodall to the envy-free context by providing 
a constructive procedure for allocating a cake among n people so that whenever 
two people have different measures (and we have at our disposal a piece of cake 
and the two different measures of it), then each thinks he or she received a strictly 
larger piece than the other. © 1995 Academic Press, Inc. 
Fol lowing Woodal l  [W] ,  we let C (the cake)be  a compact convex set 
in some Euclidean space, and we suppose that n people have their prefer- 
ences over the Borel subsets of C given by (perhaps different) non-atomic 
probabil i ty measures. The cake division problem asks for either existence 
proofs or constructive procedures that provide an allocation of C among 
the n people ("players") in a way that is either proportional (meaning that 
each player receives at least 1In of C in his or her own measure) or envy- 
free (meaning that each player receives a piece at least tied for largest in 
his or her own measure). 
It is easy to see that if n =-2, an allocation is proport ional iff it is envy- 
free. For  n > 2, however, envy-free allocations are considerably harder to 
obtain, especially by constructive methods, than proport ional  allocations. 
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NOTE 171 
In fact, the well-known problem of finding a constructive procedure for 
allocating a cake in an envy-free way among more than three people has 
only recently been solved [BT1] and [BT2], and only then by an algo- 
rithm of unbounded length. 
An old observation of Knaster (reported in Steinhaus [S])  is that there 
always exists a fair allocation among n people in which everyone receives 
strictly more than 1In of the cake (in his own measure), except in the 
obvious exclusionary case where all the measures are the same. Woodall 
[W]  provided the first constructive proof of Knaster's observation, under 
the assumption that one has available a piece of cake to which some two 
of the people, say A and B, assign different measures c~ > ft. 
Our goal in what follows is to generalize the Knaster-Woodall result to 
the envy-free context. That is, we show that there is an envy-free allocation 
of the cake among n people with the property that, whenever two people 
have different measures, each thinks he or she received a strictly larger 
piece than the other. To see that Knaster's original observation follows, 
suppose that Players 1 and 2 have different measures and that we have an 
envy-free allocation wherein any two players with different measures both 
think they received a strictly larger piece than the other. Assume, for con- 
tradiction, that Player i thinks he received at most 1In. Since the allocation 
is envy-free, Player i must think that everyone, in fact, received exactly 1In. 
But then Player i thinks he received the same as both Player 1 and 
Player 2, and so his measure is the same as both of theirs, a contradiction 
since their measures are distinct. 
In generalizing the algorithmic aspects of Woodall's contribution, we 
begin with the assumption that we have been provided with a triple 
(J(u, #i(X~), #j(X~)) for each pair (i, j) with i <j ,  where X~j is a Borel subset 
of C and #; and #j are the measures of Player i and Player j, respectively. We 
want to algorithmically produce an envy-free allocation of C such that if 
#i(Xu) V=#j(X~), then P layers /and j each think they received more than 
the other. (Triples with #i(Xo. ) =#j(X,j) are ignored.) 
Let Pl, ..., Pt enumerate all pairs (i, j) for which either #i(X~) ##j(X~) or 
#i(Xy) va#j(Xj~). Thus, (i, j) occurs iff (j, i) occurs. Let us refer to a Borel 
subset G of C as being good for the pair p = (i, j) if there is a constructive 
procedure for producing disjoint subsets A and B of G such that Player i
thinks A and B are the same non-zero size, but Player j thinks they are 
different sizes. It follows easily from arguments in [W] that if one has a set 
X~ with #~(X~) ##j(X~), then the cake C is good for (i, j). Moreover, it is 
shown in [BT1] that, given a set G that is good for the pair (i,j), there 
is a constructive allocation of a subset of G among the n people that is 
envy-free and such that Player j thinks he received strictly more than 
Player i. Thus, to construct he desired allocation it will suffice to establish 
(inductively) that for every k (1 ~< k ~< t), the following holds: 
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(.) Given pairs P l . . . .  , Pk  and sets G1,  . . . ,  Gk such that Gs is good for Ps 
for every s, and given e > 0, there exist pairwise disjoint sets H~ ..... Hk such 
that H~ is good for Ps for every s, and ¢ti(H 1 w . . .  w Hk)  <~ e for every i. 
The final inequality in (.)  is not needed for the construction of the 
allocation, but it is used inductively in the proof of ( ,)  roughly as follows: 
If Player i thinks A and B are the same size, and Player j thinks A is 
strictly larger than B, then it is fairly easy to trim a little off A (in a way 
to be explained later) so that Player i and Player j disagree as to which of 
the two sets is strictly larger. It is now easy to see that if we delete from 
A w B a set that both Player i and j think is sufficiently small, then the 
resulting sets will still leave Players i and j disagreeing as to which set is 
strictly larger. 
As a first step in establishing (.), we show that if P is a piece of cake and 
e > 0, then there exists a partition of P such that Player 1 thinks all the sets 
in the partition are the same size (that is, he thinks it is an equipart i t ion) ,  
and Player 2 thinks all the sets in the partition are of measure at most e. 
To obtain this partition, we begin by having Player 2 construct a partition 
of P so that the union of any two pieces is no larger than e in his measure. 
Now we have Player 1 choose the largest piece and disperse enough of it 
over the other pieces so that he thinks each has rational measure. Getting 
a common denominator for these rationals, he can now obtain an equipar- 
tition of the union of the slightly expanded pieces. The part of the largest 
piece that Player 1 did not use in enlarging the other pieces can now be 
equally dispersed over the sets in the equipartition. The result is a partition 
that Player 1 thinks is an equipartition, and with the property that each set 
in the partition is a subset of the union of two pieces from Player 2's 
original partition. Thus, Player 2 thinks each set in the partition is of 
measure at most e. 
If P is again a piece of cake and e is a positive number, we can now 
proceed inductively to get a partition of P that Player 1 thinks is an equi- 
partition and every player thinks is made up of sets of size at most e. That 
is, if we have such an equipartition Y" for n players, then Player 1 can get 
an equipartition ~/x of each set X~ Y" such that Player n + 1 thinks each set 
Y~ Y/xiS no larger than e. Player 1 then refines each Nx in the obvious way 
using a common multiple of the number of sets in Y/x as X ranges over ~r. 
If Player 1 makes sure this number is large enough so that he, too, thinks 
all the sets are no larger than e, then we have the desired result. 
Establishing (*) for the case k = 1 is now immediate. That is, if we con- 
structively obtain disjoint sets A and B which show that GI is good for 
Pl = (i, j'), then Player i can construct an equipartition of A and of B into 
the same number of sets so that each player thinks the sets in the equiparti- 
tion are of measure at most e/2. Since Player j thinks that A and B are not 
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the same size, he must think two sets C and D in the equipartition of A w B 
are not the same size. Letting H 1 = CuD shows that ( , )  holds if k= I. 
Suppose now that ( , )  holds for k, and e > 0 is given. To show that ( , )  
holds for k+ 1, we begin by choosing pairwise disjoint sets H'~ ..... H i 
which are good for the first k pairs and such that the union of these sets 
is of measure at most e/2 in all of the players' measures. Fix s. Since H'~ is 
good for p~ = (i, j), we can constructively produce disjoint subsets A, and 
Bs of H'~ such that Player i thinks that A s and B~ are the same non-zero 
size, and Player j thinks they are different sizes. Assume that Playerj thinks 
A~ is strictly larger than Bs. 
We now have Player j construct a partition of A s so that he thinks A s, 
minus any set in the partition, is still strictly larger than B,.  Player i now 
chooses one of the pieces of the partitio n and removes it from the set A~ 
to yield a subset we will call A's. The sets A'~ and B s have the property that, 
although neither Player i nor Player j thinks they are the same size, they 
disagree as to which set is strictly larger. 
For this s, we let es be a positive number that is smaller than both 
/~ j (A 's ) -#s(B~)  and/zi(B~)-gi(A'~). We do this for each s. 
Applying the k = 1 case to Gk+l now allows us to constructively obtain 
a set Hk+~ that is good for Pk+~ and of size (in every measure) less 
than the minimum of e/2 and all the numbers e, that we just produced. 
Let H~= H '~-  Hk  + I, A * = A '~-  Hk  + ~, and B* = B~-  Hk  + 1. Since 
/~j(A*) >/zj(B*) and #f(B*)>/z~(A*) by construction, P layer /can  cut a 
piece off B* and add it to A* in such a way that Player i thinks the resulting 
two pieces are the same non-zero size, but Player j thinks they are different 
sizes. This shows that H~ is good for p~. Repeating this for all s with 
l ~ s ~< k, we find that (*) holds for k + 1. 
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